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Abstract. A combinatorial principle CECA is formulated and its equivalence 
with GCH + certain weakenings of O x for singular A is proved. CECA is used 
to show that certain "almost point- < r" families can be refined to point- < r 
families by removing a small set from each member of the family. This theorem 
in turn is used to show the consistency of "every first countable Ti-space with 
a weakly uniform base has a point-countable base." 



This research was originally inspired by the following question of Heath and 
Lindgrcn [Q: Does every first countable Hausdorff space X with a weakly uniform 
base have a point-countable base? The answer to this question is negative if MA + 
2 N ° > is assumed (see On the other hand, if CH holds and the space has at 
most H w isolated points, then the answer is positive (see [Q). The starting point of 
this paper was the observation that if in addition to GCH also the combinatorial 
principle D.\ holds for every singular cardinal A, then no bound on the number of 
isolated points is needed. An analysis of the proof lead to the formulation of a 
combinatorial principle CECA. It turns out that CECA is equivalent to GCH + 
some previously known weakenings of Da, but CECA has a different flavor than 
□ ^-principles and may be easier to work with. The equivalence will be shown in 
Section 1. 

In H it is shown that under certain conditions almost disjoint families {A a : 
a < k} can be refined to disjoint families by removing small sets A' a from each 
A a . Let us say that a family {A a : a < k} is point-< r if for every I E [k] t the 
intersection C\ aeI A a is empty. In particular, a family is disjoint iff it is point-< 2. 
In Section 2 the main theorem of this paper (Theorem ||) is derived from CECA. 
Roughly speaking, Theorem || asserts that certain families {A a : a < n\ that are 
"almost point-< r" can be refined to point-< r families by removing small sets A' a 
from each A a . 

In Section 3, some related results for almost disjoint families are proved, and it 
is explored how much of Theorem || can be derived from GCH alone rather than 
from CECA. 

In Section 4 we show that the positive answer to the question of j^] , and more, 
follows already from Theorem @. 
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1. The Closed Continuous g-chain Axiom 

Definition 1. Let t be a regular cardinal. A set M is r-closed if [M] <T C M. 
We say that a set M is weakly r-closed if for every / G [M] T there exists J G [I] T 
such that [J] <r C M. We say that M is weakly closed if M is weakly r-closed 
for all regular r (equivalently: for all regular r < |M|). An G- chain is a sequence 
(M| : £ < a) such that M| C M n and (M| : £ < if) G M^ +i for all £ < < a. 
The Closed Continuous €-chain Axiom for X andr (abbreviated CECA T (A)) is the 
following statement: 

For every cardinal O > X, and for every pair of sets A, B with \A\ — X, \B\ < 
A, there exists a continuous €-chain (M^)^ <c ^x) °f weakly r-closed elementary 
submodels of H(Q) such that 

- \M(\ < X for every £ < c/(A); 
B G M ; and 

The Closed Continuous d-chain Axiom for X (abbreviated CECA(A)) is obtained 
by requiring that the models in the definition of CECA T (A) are weakly closed. 
The Closed Continuous e-chain Axiom (abbreviated CECA) asserts that CECA(A) 
holds for all uncountable cardinals A. 

Lemma 1. Let X be a regular uncountable cardinal. The following are equivalent: 

(a) A< A = A; 

(b) For every set A with \A\ < X there exists a weakly closed M such that Ac M 

and \M\ = X; 

(c) There exists a weakly X- closed M such that \M\ = X. 
Proof: (a) (b) 

Suppose A <A = A, and \A\ = X. Build recursively an increasing sequence 
(M| : £ < A) such that A C M , [M 6 ] <x C M i+1 , and \M 6 \ = X for all £ < 
A. Let M = Ue<A M e- If t < A is regular, / G [M 6 ] T and K G [/] <r , then 
K G [M ? ] <r C [M 5 ] <A for some £ < A, and hence K G M i+1 C M, as required. 

The implications (b) => (c) and (c) (a) are obvious. □ 
Corollary 1. CECA GCH. 

Lemma 2. Assume GCH. If X is an uncountable limit cardinal or if X = n + for 
some regular infinite cardinal k, then CECA(X) holds. 

Proof: Let A be as above, let > A, and let A, B be such that \A\ — X, \B\ < X. 
In both of these cases we can construct a continuous G-chain (M^)^ <c f^x) of 
elementary submodels of H(Q) such that 

- |M 5 | < A for every £ < c/(A); 

- |M 5+ i| is regular and [M c+ i] < l M «+ 1 l C M e+i for every £ < c/(A); 
B G M ; and 

" A C U|< C /(A) M t- 

It remains to show that if S < c/(A) is limit, then Ms is weakly closed. So 
assume S < c/(A) is limit, let r be a regular cardinal, and let / G [M^] 1 ". 

If cf(5) < t, then there is £ < r with |M ? n I\ = r. Fix such £, and let 
J = I n M |+1 . Then [J] <T C [Af e +i] <r C [Af e+1 ] < l M «+ 1 l C M i+1 C M 5 . 
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If cf{6) > t, then [I] <T C \J^ <S M c = M s , and we can take J = I. □ 

Thus GCH implies that CECA(k) holds for all k, except perhaps if n = A + 
for a singular strong limit cardinal A. Fortunately, it turns out that in this case 
CECA(k) is equivalent to a weakening of that has been extensively studied by 
the fourth author. To prove the equivalence, let us introduce some notation. 

We say that Pr(X, r) holds if there exists an increasing continuous chain TV = 
(Ni : i < A + ) such that \Ni\ = A for each i < A + , each iVj is weakly r-closed, and 
A+cU <A+ ^- 

We say that Pr'(X,r) holds if there exists an increasing continuous chain N = 
(Ni : i < A + ) such that |iVj| = A for each i < A + , each N{ is weakly r-closed with 
respect to sets of ordinals, and A + C Ui<A+ ^i- 

Note that if 2 A = A + , then in Pr(A,r) and Pr'(A,r) we can demand that 
[j i<x+ N i =H{\+). 

In Definition 1.4 of j3), the following principle Sp(<j, A) was introduced:^] There 
exists a sequence (V^ : £ < A + ) such that for all £ < A + we have C [£] CT and 
\P%\ < A; moreover if £ < A + with a + = c/(£) and x is a cofinal subset of £ of 
cardinality a + , then x can be written in the form x = {J{x„ : v G c} where for 
each v £ a we have [x ll }°' C U^t^V 

The ideal J[«]was defined in l| and We use here two equivalent definitions 
of I[k] given in j^|. 

Definition 2. For a regular uncountable cardinal k, let /[k] be the family of all 
sets A C k such that the set {5 G A : 6 = cf(6)} is not stationary in k and for some 
(V a : a < k) we have: 
('aj "P a is a family of < k subsets of a; 

(b) for every limit a £ A such that cf(a) < a there is x C a such that 
otp(x) < a = sup a; and V/3 < a (x (~l /3 £ U 7 <a ^r)- 

The following characterization of J[k] appears as Claim 1.2 in Q. The abbrevi- 
ation nacc(C) stands for "nonaccumulation points of C" (in the order topology). 

Lemma 3. Let n be a regular uncountable cardinal. Then D 6 I[k] iff there exists 
a sequence (Cp : (3 < k) such that: 

(a) C/3 is a closed subset of (3; 

(b) if a £ nacc(Cp) then C a = Cp n a; 

(c) /or some club E C k, /or every 6 <E D (~\ E : 
cf(S) < 5 and S = supCi and otp(Cs) — cf(S); 

(d) nacc(C,5) is a set of successor ordinals. 

It is clear from the above lemma that Jensen's principle D\ implies that A + G 
J[A+]. 

For t < A, let S$ + = {a < A+ : c/(a) = r}. 

Theorem 1. Let r < A be infinite cardinals with r regular and A singular strong 
limit. The following are equivalent: 

(a) 5 T A+ G J[A+]; 

(b) Pr(A,r); 

1 Actually, the principle introduced in |j| is more general and contains an extra parameter r, 
but the case r = cr+ is most relevant for the results in and fits most neatly into the framework 
of the present paper. 
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(c) Pr'(X,T); 

(d) CECA T (A+). 

Moreover, if t — a + , then each of the above is also equivalent to: 

(e) Sp{a,X). 

Proof: The implications from (b) to (c) and from (d) to (b) are obvious. 

(c) (d) 

Let 6 > A+, and let N = (N t : i < A+) exemplify Pr'(X,r). Let M = (M 6 : £ < 
A + ) be an increasing continuous sequence such that N £ Mo, and for all £ < A + 
we have: 

(1) -< (H(Q), <*) (where <* is some wellorder relation on H(Qj); 

(2) \M%\ = A; and 

(3) % + l)£M w . 

Let M = U^<a+ ^h- Note that (3) implies in particular that £ £ M^+i, and 
hence A + C M. Fix a bijection h : M — > A+ such that h\M^ £ M^ +1 for all £. 
Such /i can be found by conditions (1) and (3): Recursively, let h\M^ + i be the <*- 
smallest bijection from M^ +1 onto an ordinal that extends h\M^. For every £ < A + , 
let 7y(£) be the smallest ordinal rj > ^ such that /i[MJ = rj = M„ n A + = iVn n A + . 
By (2), r?(^) < A+ for all Dchnc: 

E = {6 £ LIM n A+ : VC < 6 < 5)}. 

Then £ is a closed unbounded subset of A + that consists of fixed points of the 
function rj. Let {S e : e < A + } be the increasing continuous enumeration of E. 

We show that (Ms e : e < A+) witnesses CECA r (A+). Let e < A and let 
J £ [M Se ] t . Note that we have h[I] £ [5 E ] T and Mg e n A + = 7V«5 e n A + . So there is 
J C with | J| = r and [J] <r C Ng e n ON. We distinguish two cases: 

Case 1: There exists J' £ [J] T with sup J' < 8 e . 

Let a = 77 (sup J'). Then a < d s , M a n A = a = ft[M a ], and M Q R A+ = 
JV Q n A + . Thus, by shrinking J' if necessary, we may assume that [J'] <T C N a . 
Let V = h- x J> '. Then I' £ [I] T . Moreover, if K £ [/'] <r , then K = hr x L 
for some L £ [J'] <T . Since L,h\M a £ M a+ \ and L C M Q+ i, it follows that 
K £ M a +i C Mg e , as desired. 

Case 2: There is no J' as in Case 1. 

Then let /' = h~ x J . Note that we must have otp(J) — t and sup J = d e . Thus, if 
K £ [I'] <T , then K = hT x L, where L £ N a for some a < S e with N a = M a nH(X+). 
Thus, arguing as in the previous case, one can show that K £ M a +i and hence 
[I'] <T cM Se . 

(c) (a) 

Let N — (N a : a < A + ) be a sequence that witnesses Pr'(X,r). By thinning 
out the chain if necessary, we may assume that a C N a for each a < X + . For each 
a, let V a = N a n V(a). We claim that the sequence (V a '■ a < A + ) witnesses that 
£ I[X + ] . Condition (a) of Definition || is obvious. To verify that (b) also holds, 
let a £ \ {t}. Pick a subset / of a of order type r such that sup / = a. Then 



STRONGLY ALMOST DISJOINT SETS AND WEAKLY UNIFORM BASES 



5 



I G [N a n On] T , and there exists J G [I] T such that [J] <T G N a . Since a is a limit 
ordinal and the sequence N is continuous, the latter implies that [J] <T G {Jp <a Vp. 
On the other hand, regularity of r implies that otp(J) — r < a and for every (3 < a 
the set J H (3 has cardinality < r. Thus condition (b) holds and we have shown 
that S A+ G I[X+]. 

(a) =► (d) 

We will actually prove something slightly more general. Assume G D G 
I[A + ]. Let (C a : a < A) and E 1 be witnesses that D G /[A + ] as in Lemma |[ 
Let = c/(A), and let (ni)i <lJL be a sequence of cardinals with supremum A and 
such that max{/x, r} < ko and 2 Ki < k^+i for all i < fi. Let A, B be as in the 
assumptions of CECA r (A + ), and let > A + . Recursively construct a double 
sequence {M % a : a < X + ,i < /i) such that conditions 1-8 below are satisfied. For 
a<X+,\etM a = \J i<fl Mi. 

1. M a ~< H(Q); 

2. Be M ; 

u q <a + M a] 

4. the sequence (M a : a < A + ) is continuous increasing; 

5. {M (j : /? < a) G M Q+1 ; 

6. |M*| = and Af^ C Af^ for i < j; 

7. P(M* a+1 ) G ; 

8. if \C a \ < A, then P(U^ eCc< M p) C M a+i . 

The construction is straightforward. Note that condition 8 can be satisfied since 

Now let (ct£ : £ < A + ) be the continuous increasing enumeration of E. We show 
that the sequence (M a( : £ < A + ) witnesses CECA r (A + ). For this it suffices to ver- 
ify that each M a( is weakly r-closed; the remaining requirements of CECA T (A + ) 
are already covered by conditions 1-6. If ag = j3 + 1 for some (3, then M Q{ is 
r-closed by condition 7. So consider the case when is a limit ordinal, and let 
I G [M a; ] T . We distinguish four cases: 

Case 1: c/(a^) = r ^ /z. 

Then there exist J G [i] r and i < /j, such that J G U/3ec -^8- We- will show 

that [J] <T C M a( . Let X G [7] <T . Then K G U/3 e c a n 7 M l for some 7 e C <*r 
Without loss of generality, we may assume that 7 G naccCa,*. Then C 7 = C a( n 7. 
Since |C a? | = r < A, also |C 7 | < A. By condition 8, X G M 7 +i, and hence 
K G Af Q£ , as required. 

Case 2: cf{a{) = r = //. 

We will show that [7] <T C M a< . If if G [i] <r , then K C Afj +1 for some /3 < a 5 . 
By condition 6, K G Af^j G Af a? . 

Case 3: cf(a^) < r. 

Then there exists /3 < such that |J n Mp + i\ — r. Since Mp + \ is weakly r- 
closed and contained in M 0£ , there exists J G [J fl Af/3+1] 1 " such that [J] <T C M a{ . 
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Case 4: cf(a^) > r. 

Let r\ be the smallest limit ordinal such that \I D M a \ = r. Then r\ < £ and 
c f(v) — T - K c f(v) — T i then we are back to Case 1 or Case 2. If cf{rf) < r, then 
we are back to Case 3. 

(a) (e) 

Assume that r = a + , and let {M l a : a < A + , i < y) be as in the previous part of 
the proof, i.e., such that conditions 1-8 hold, and let the sequence (a^ : £ < A+) 
be defined as above. For each £ < A+, let P e = n M ?+1 . 

Now suppose that c/(£) = r, and let x C £ be cofinal of cardinality r. We 
distinguish two cases: 

Case 1: a < /i. 

Then we can let x v = x for all v < a. Each y G [x\ a is contained in M % a +1 for 
some i < and ?y < £. Thus [a;] cr C U r) <^ as required. 

Case 2: a > \l. 

Then let x v — x H U/3ec a ^fl f° r ^ < M an d = for ^ > ^i. If ?/ G [x„] CT , 
then y C 7 n U 7 nc f° r some 7 G naccC aji , and hence y GV V f° r some ?y < £ with 
7 < ov 

(e) =* (a) 

Assume r = cr + , and let (Pj : £ < A + ) witness that Sp(a, A) holds. Let 
£ G \ {t}. Now if a; C £ is any cofinal subset of £ of order type r, then 
.x = U^ecr 2 ' 1 " wnere [ x v\ a c U^<^^ , >) f° r cacn ^ < cr. At least one of these av's 
must be cofinal in £ and of order type r, and this x v is exactly as required in Defi- 
nition ||. □ 

Note that Vr G Reg CECA t (k) does not always imply CECA(k). For example, 
if 2 N ™ = H„ + 2 for all n G u>, then there are no weakly closed models of cardinality 
N n for n G (0, lu), and thus CECA(H W ) fails. But if t — H„, then for each m > n + 1 
there are plenty of K„-closed models of cardinality H m , and thus CECA^N^) 
holds. This anomaly cannot happen if k is a successor cardinal: If n = A + for 
a regular A, then CECA^(k) implies the existence of weakly A-closed models of 
cardinality A, which in turn implies that A <A . Now the proof of Lemma ^ can be 
adapted to derive CECA(k). If k is the successor of a singular limit cardinal A and 
r < A, then CECA t +(k) implies that 2 r < A. Since for cofinally many r we also 
will have r > c/(A), Konig's Theorem implies that 2 T is strictly less than A. In 
other words, if CECA T (A + ) holds and A is singular, then A must be a strong limit 
cardinal. For such A we have the following corollary to the proof of Theorem [l]. 

Corollary 2. Let X be a singular strong limit cardinal. Then the following are 
equivalent: 

(a) A+ + G J[A+]; 

(b) S$ + G 7[A+] for all regular r < X; 

(c) CECA(A+); 

(d) CECA T (A+) holds for all regular r G A. 
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Proof: The equivalence between (a) and (b) follows from Shelah's observation 
that I[X + ] is a normal, and hence A + -complete ideal (see [5|, |J, or 0). The 
equivalence between (b) and (d) was established in Theorem E. The implication (c) 
=>■ (d) is obvious. To see that (a) implies (c), note that the last part of the proof of 
Theorem H shows that if A + £ -f[A + ], then the sequence (M Q? : £ < A + ) constructed 
from D = A + witnesses CECA T (A + ) simultaneously for all r 6 A n Reg. □ 

2. The main theorem 

Let r be a cardinal. Recall that a sequence of sets (A a ) a<K is point < r if for 
every / 6 [k] t the intersection C\ a£l A a is empty. 

Theorem 2. Assume CECA. Suppose that o~,t are regular infinite cardinals, and 
let (A a ) a<K be a sequence of (not necessarily distinct) sets such that one of the 
following conditions is satisfied: 

(1.1) For every I £ [k] t there is J £ [I] <T such that \ f] aeJ A a \ < a. 

(1.2) For every I £ [k] t 3J £ [I] <T | f] aeJ A a \ < a and 
VSe[V a<K A a r(\{a:ScA a }\<a). 

Then there exist (A' a ) a<K such that \A' a \ < a for each a < n and the sequence 
(A a \ A' a ) a<K is point-< t. 

Proof: Suppose the theorem is false, let k be the smallest cardinal for which 
the theorem fails, fix a counterexample A = (A a ) a<K and a, r that witness this 
fact. Throughout the proof, let 8 denote a "sufficiently large" cardinal, and let 
A = [J a<K A a . In the proof we will consider all possible ways in which n, a, r can 
be related to each other, and we will derive a contradiction in each case. To begin 
with, note that we may without loss of generality assume that r < n; otherwise the 
conclusion of the theorem is vacuously true. Now let us eliminate the case a > k. 

Lemma 4. Suppose that M -< H(Q) is weakly r-closed with respect to sets of or- 
dinals, i.e., for every I £ [M(~Ik] t there exists J £ [I] T with [J] <T C M. Moreover, 
suppose A £ M and a £ M. Then the sequence (A a \ M) ae „nM is point-< r. 

Corollary 3. a < n. 

Proof: Let M -< H(Q) be weakly closed and such that a C M, \M\ — a, and 
M contains everything relevant. For each a < n, let A' a = M . If a > k, then 
k n M = k, and Lemma ^ implies the conclusion of Theorem |^. □ 

Proof of Lemma ^: Suppose towards a contradiction that there are a and 
I £ [k H M] T such that a £ Has/ ~Aa \ M. Since M is weakly r-closed with respect 
to sets of ordinals ,0 by passing to a subset of I if necessary, we may assume that 
[I] <T £ M. Since (1.1) or (1.2) hold, we can find J £ [I] <T such that 

(2) B = | P| A a \ < a. 

Since A, J £ M, it follows that B £ M. Since a C M and £ a, we conclude 
that B £ M, which contradicts the assumption that a £ B \ M. □ 



2 If M has only the property that for every subset I £ [M n ft] T+ there exists J £ [I] T with 
[J] <T C M, then the argument presented here shows that the sequence (A a \ M) a ^ Kr) M is point- 



< T 



+ 
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Now let us reveal how CECA will be used in the remainder of this proof. 

Lemma 5. Suppose that there is a continuous increasing chain {M^)^ <c ft K -s of 
weakly closed elementary submodels of H(Q) such that \M^\ < k for each £ < c/(k), 
that Mq contains everything relevant, a C Mq, [k] <c ^ k ' C Ug< c /(«) -^£> and for 
every £ < k: 

(i) The sequence (A a \ M^) a€ M 6 riK is point-< t; 

(ii) a e k \ M% implies \M% H A a \ < a; 

(hi) If a G Af c and \A a \<\M(\, then A a C M £ . 

Then there are A' a G L4 Q ]- CT for a < k such that the sequence (A a \ A' a ) a _ K is 
point-< t. 

Proof: Let the Af^'s and ^4 Q 's be as in the assumption. By the choice of k and 
(ii) we can pick, for every £ < n and a G k M^ + \ \ Afj, an A' a G [A Q ]- CT in such a 
way that A a (~l Af^ C A' a and the sequence (A a \ A' a ) aeKn ^ \ m ,) is point-< r. 

We claim that the sequence (A a \ A' a ) a<K is point-< t. To see this, let a G A, 
and let M* = U €<c/( «) M c . 

Case 1: a G M*. 

Then there exists a unique £ < c/(k) such that a € M^ + i \ M^. For this £, the 
following hold: 

• By (i), \{a e k n : a £ A Q }| < t. 

• By construction, \{a G k n (Af 5+ i \ Af 5 ) : aei a \4[ ( }| <r. 

• If a € k \ Afj + i, then ^ n M^ +1 C A^, and hence no a G k \ Af^+i satishes 
a G A Q \^. 

It follows that the sequence (A a \ A' a ) a<K , is point-< t at a. 
Case 2: a£ Af*. 

We show that Af * is weakly r-closed with respect to sets of ordinals. Let 
I G [M* n k] t . If t = c/(/c), then [k] <t C M* and hence [f] <r C M*. If 
r ^ c/(k), then there exists £ < c/(k) with \M^ D I\ = r, and J = n f is as 
required. Now Lemma| implies that the sequence (A a \A' a ) a<K is point-< r at a.O 

Since we may assume a < k, CECA clearly implies the existence of a sequence 
(M^)^ <c y(- K ) that satishes all unnumbered assumptions of Lemma |5|. By Lemma ^, 
this sequence will also satisfy condition (i). How can we make sure that condition 
(ii) also holds? This depends on r. 

Lemma 6. Suppose that Af -< if (O) is weakly closed, A G Af, and max{er, r} C 
Af . Then a G k\M implies \A a n M\ < a. 

Proof: Assume towards a contradiction that a G n \ Af is such that \A a n M | > 
cr+. Since A/ is weakly closed^] there exists Z G L4 Q n M] 17 n M. We are going to 
prove that the set I = {(3 G k : Z C A,g} has cardinality > max{cr, r}, in contradic- 
tion with conditions (1.1) and (1.2) of Theorem ||. Suppose that |f| < max{cr, r}. 
Note that since k, A, Z G Af , it follows that I G Af , and there is a one-to-one 
function / G Af that maps I into max{cr, r} C Af. It follows that I C Af. On the 



3 Note that in this argument, as well as in the proof of the next lemma, only the following 
consequence of weak closedness is used: If / E [M]°" , then there is J G [/] CT such that J g M. 
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other hand, a £ I \ M, which gives a contradiction. □ 

It follows from Lemma [jjthat if r < k, then we can find a sequence (M^)^ <£ t^ 
that satisfies the assumption of Lemma ||. So it remains to prove Theorem |f for 
the case a < r = n. If r happens to be equal to er + , then any chain we get from 
CECA will satisfy |M^| < a, and we get condition (ii) for free. If a + < t = k, then 
we need to take advantage of GCH. The following lemma shows how to handle this 
last remaining case. 

Lemma 7. Suppose n = r > a ++ , and let (M^)^ <K be a continuous increasing 
sequence of elementary submodels of H(Q) such that each has cardinality less 
than n and [k] <k C U^< k Then there exists a continuous subsequence (M^ v ) u<K 
such that 

(3) v < k and a £ k\ M^ v implies \A a n M^ v \ < a.ff 

Proof: Let A = |J a<K A Q . Note that since k > r, conditions (1) in Theorem || 
implies that for every S E [A] a the set h(S) = {a < n : S C A a } has cardinality 
< k. Since n > a ++ and k (= r) is regular, GCH implies that there is a continuous 
subsequence {M^) u<fi of (M^)^ <K such that 

(4) For every v < k and every S £ [A] a n M iu+1 we have h(S) C M^ v+1 . 

We claim that (M^)o <v<K is as required. Let N v denote M^ v . Suppose towards a 
contradiction that < fi < K and a E k\ are such that A a n \ > a + . We 
distinguish two cases. 

Case 1: \i = v + 1 for some v. 

Since N v+ i is weakly closed, there exists S E [A a ] a nN u+ i. By (4), h(S) C A^+i- 
Since a in h(S), we have a E -/V„ + i = 7V M , contradicting the choice of a. 

Case 2: fj, is a limit ordinal. 
We will show that 

(5) There are v < fi and S E [A a ] a such that S E N v+ i. 

Indeed, since N v is weakly closed and \A a r\N„\ > a + , we can pick S E [Aa]' 7 n N v . 
Since N u — {j v< ^N u , there is v < fx such that S E N v+ \. Now we can derive a 
contradiction as in the previous case. □ □ 

3. Related Theorems and Examples 

We first present a modification of Theorem ^ exhibiting when we can obtain 
point-< t families where r is finite. Note that a family of sets is point-< 2 if and 
only if it is pairwise disjoint. 

Theorem 3. Assume CECA and let n > 1. Suppose that a is a regular cardinal 
and let (A a ) a<K be a sequence of (not necessarily distinct) sets such that \A a \ < a +n 
and one of the following conditions is satisfied: 

(1.3) \A a n Ap\ < a for all a < (3 < k. 

(1.4) \A a (~l Ap] < a for all a < (3 < K and 

G lU a<K A a y (\{a : ScA a }\<a). 
Then there exist {A' a ) a<Ki such that \A' a \ < a for each a < k and the sequence 
(A a \ A' a ) a<K is point-< n + 1. 
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Proof: First apply Theorem || for r = Ho to get sets A!' a G [A a ] a such that 
(A a \ A'^) a<K is point-finite. The step from point-finite to point-< n + 1 can be 
made in ZFC: 

Lemma 8. Let n > 1. Suppose that a is a regular infinite cardinal and that {A a : 
a < n} is a point-finite family of sets satisfying \A a \ < a +n for each a and \ A a R 
Ap\ < cr for each pair of distinct a, /3 G K. Then there are A' a G [A] " for each a 
such that {A a \ A' a : a < k} is point-< n + 1. 

Proof Lemma ^ First let us prove the lemma for the case n = 1. Let k be the 
minimal cardinal such that there is a family of size k that forms a counterexample 
to the theorem. Clearly k > a. First assume that k > cr+ . Fix an G-chain of 
elementary submodels {M(. : £ < c/(k)} such that 

1. ct + C M and |Mj| < «, for each £ < k. 

2. {A a : a < k} £ M and 

3. {i«:a<K}C \J{M 6 : £ < c/(/c)}. 

Using the minimality of k, for each £ G c/(k) fix a sequence {A' a : a G n n (Mg+i \ 
Mj)} of sets of size cr such that {^4 Q \ A' a : a G n (~l A/5+1} is pairwise disjoint. Note 
that by point-finiteness if a ^ then A Q n = 0. Also cr + C implies that 
A a C Mj for each a G Me. Therefore {A a \ A' a : a G k} is pairwise disjoint. 

The case for k = cr+ is similar. Fix an G-chain as above of elementary submodels 
{Mj : £ < c/(k)} of size cr so that a C Mo and let ^ = ^4 Q n M^+i where 
a G Mt+i \ Mg. To see that {^4 Q \ ij, : a e k} is pairwise disjoint it suffices to 
observe that, as above, if a Me then ^4 a n Me ^ and, in addition, if a, (3 G Me 
then ^n^C Me. 

Now suppose to > 1 and the lemma is true for all n < m. Let {A a ) a<K be a 
sequence of sets such that \A a \ < a +m for each a and \A a n A^j < cr for each 
pair of distinct a, (3 G k. Let v = a + ( m ~ 1 \ Then a +m = v + , and hence the 
lemma for rt = 1 implies that there are A" a G [A a ] 1 ' for each a such that the family 
{A a \ A' a : a < k} is pairwise disjoint. Since the lemma is true for n = m — 1, 
there are A' a G [^4a] CT such that the family {A'^ \A' a : a < k} is point-< to. Now 
we claim that the family {A a \A' a : a < k} is point-< to + 1. To see this, suppose 
a G {{A ao \ A ao ) n ■ • • (~l {A ak \ A ak )). Then there are at most to — 1 indices cvi such 
that a G since the family {^4^\^4^ : a < k} is point-< to. Similarly, since 

the family {A a \A'^ : a < k} is disjoint, there is at most one a, with a G A Qi \A'^.. 
Thus, a is a member of A a \ A' a for at most m indices a, and we are done. □ □ 

The following example shows that Lemma ^ is in a sense the best possible. 

Theorem 4. For each n G u> there is a point-< n + 1 family A n of sets of size H„ 
such that 

(a) An B is finite for each pair of distinct A, B G A n . 

(b) A n has no point-< n refinement of the form {A \ A' : A G A n } where each 
A' is countable. 

Proof: For each n G to, each i G n and each s G let A s = {t G : 

\ W) = s l- Lct A» = Uie„{A : s G We will show that A n is the 

required family for each n G to. 

(n = 2): ^2 is the family of rows and columns in LU2 x 0^2- Clearly this family 
is point-< 3 and the intersection of any two elements is either disjoint or contains 



STRONGLY ALMOST DISJOINT SETS AND WEAKLY UNIFORM BASES 



11 



one element. To see that (b) holds, suppose that A' £ [A]" for each A £ A%. Let 
-4-0,01 = {( a ,P) '■ P € ^2} and let Ai, a — {((3, a) : (3 £ w 2 }- Fix an uncountable 
a < w 2 so that A' ^ C a 2 for each /? e a. Consider Ai )Q ,. As a is uncountable, 
we can fix (3 < a so that (/3, a) ^ A' l ot . But then also (/3, a) A' ^ so the refined 
family is not point- < 2. 

Assume by induction that n > 2 and «4/s is as required for each k < n. Clearly 
An is point-< n+ 1 and almost disjoint. So suppose that A' £ [A]" for each A £ ^4 n . 
Fix a < Lu n such that \a\ — w n _i and so that A' s C a" for each i £ n and each 
s £ o^VW. Let 

S = {t £ < : i(n - 1) = a and t|(n - 1) £ a"" 1 }. 

For each i < n — 1, and each s £ a"^*J such that s(n — 1) = a, let _B S — {f £ S : 
t\(n - 1 \ {£}) = s} C A s . By the induction hypothesis, {B s \ A' s : s £ a"\ {l} ,i £ 
n — 1 and s(n — 1) = a} is not point-< n — 1. Therefore, there is i £ S 1 such that 
for each i < n. — 1, t £ -At|(n\{*}) \ ^t|( n \{i})- Finally, since i|(n — 1) £ a™ -1 we 
have Aj, n _ 1 C a". Therefore * £ A|0-i) \ ^i(„_i)i so {A\A' : A e A n } is not 
point-< n. □ 

By taking *4 = [J ngu A n we obtain a family satisfying the following: 

Corollary 4. There is a point-finite, almost disjoint family A such that for each 
sequence {A' : A £ .4} of countable sets, the family {A \ A' : A £ ^4} is not 
point-< n for any n G to. □ 

We now present the main applications of Theorem || and Theorem |^. Letting 
a = t = Ho in (1.1), we get: 

Corollary 5. Assume CECA. Suppose that (A a ) a<K is a sequence of sets such that 
every I £ [k]^° has a finite subset J <Z I such that \f] aeJ A a \ < H . Then there 
are A' a £ [4.q,]- n ° for a < n such that the sequence (A a \ A' a ) a<K is point-finite. 

Letting a — Ho and r = Hi in (1.1), we get: 

Corollary 6. Assume CECA. Suppose that {A a ) a<K is a sequence of sets such 
that or every countably infinite set S, the set {a < k : S C A a } is countable. 
Then there are A' a £ L4 Q ]- N ° for a < k such that the sequence (A a \ A' a ) a<K is 
point- countable. 

Let us restate the first part of Theorem ^| in a more conventional way: 

Corollary 7. Assume CECA. Let a be a regular infinite cardinal. Suppose that 
(A a ) a<K is a sequence of sets of cardinality er + each such that A a (~l Ap has cardi- 
nality less than a for all a < (3 < n. Then there are A' a £ [Aq,]- 17 for a < k such 
that the sequence (A a \A' a ) a<K consists of pairwise disjoint sets. 

The consistency of Corollary |t] was already derived from a statement similar to 
CECA as Theorem 2.6 in 0. 

Condition (1.4) allows us in certain circumstances to relax the assumption that 
the intersection of each two sets A a ,Ap has cardinality strictly less than a. In 
particular, if a = Ho, then we get: 

Corollary 8. Assume CECA. Suppose that (A a ) a<K is a sequence of sets of car- 
dinality Hi such that for every countably infinite set S, the set {a < k : S C A a } 
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is countable and \ A a D Ap\ < Ho for a < j3 < k. Then there are A' a G L4 Q ]- N ° for 
a < k such that the sequence (A a \ A' a ) a<K consists of pairwise disjoint sets. 

If the existence of certain large cardinals is consistent, none of the above corollar- 
ies is a consequence of GCH alone. To see this, suppose that (A a ) a<K is a sequence 
of sets for which there are A' a G [A Q ] N ° such that the sequence (A a \ A' a ) a<K is 
point-countable. Then on can recursively construct for each £ < k pairwise dis- 
joint sets B^ G and pairwise disjoint sets C {J aeB( A a \ A' a such that 
Pi A a \ A' a is infinite for each a G B^. Now it is easy to construct a function 
c • [Ua< K A-a ] ^ {0, 1} such that |c([A a ] 2 )| = 2 for all a < n. But, if the existence 
of a supercompact cardinal is consistent, one can construct a model of ZFC where 
GCH holds and where there exists a sequence (^4 q ) q <n ij+1 of sets of size Hi each 
such that every two of these sets have finite intersection, and for every function 
c : U a <Nw+i ^« {0> 1} there exists a with |cL4 Q ]| = 1 (see Theorem 4.6 of (||). 

However, assuming only GCH we can get weaker versions of Theorem || that are 
also of interest. For example: 

Theorem 5. Suppose that a is a regular infinite cardinal and assume that X a = X 
for each cardinal X of cofinality greater than a. Suppose that A = {A a ) a<K is a 
sequence of (not necessarily distinct) sets such that 

(*) For every I G [n]^° there is a finite J C I such that \ C\ a£ j A a \ < a. 

Then there exists (A / a ) a<K such that |v44| < o~ + for each a < k and the sequence 
(A a \ A' a ) a<K is point-finite. 

Proof: Assume by induction that k is minimal such that there is a counterexam- 
ple to the theorem. First we show that without loss of generality we may assume 
that o~ + < k. If not, fix an elementary submodel M of size a + > k such that 
A U {A} U cr+ U {er+} C M. For each a G k let A' a = A a n M. To see that 
(A a \ A' a ) a<K is point-finite, fix x g" M such that / = {a : x G A a } is infinite. 
By (*), fix a finite JCJ such that IflaeJ^I ^ a - Clearly f] aeJ A a G M But 
c + C M implies that C\ aeJ A a C M contradicting x g" M. 

We may also assume that k = X + for A a cardinal of cofinality < a. Otherwise 
the proof is easier (see the comment after the next paragraph). 

Fix a continuous G-chain {M^ : £ < n} of elementary submodels of some H(Q) 
such that 

(a) \M^\ = X and A C M 5 for each £ G n. 

(b) A G M and A C {J SeK M t 

(c) For ^ a successor ordinal, — Ui< c /(A) ^\ where for each i, 

(i) a < |Af|| < A and 

(ii) [MIY C M| +1 . 

Clearly by our assumption such a sequence exists. 

(In the case that k is not a successor of a singular cardinal of cofinality < a we 
may fix a sequence as above with the stronger property that C for each 

successor £.) 

Notice that as before, by (*), we have that for any model M as above and for 
any x ^ M, {a G M : x G A a } is finite. Indeed, if not, we can fix a finite subset J 
for which | C\ a£j A a \ < a. But then S = f] a eJ ^ a ^ s an e l emen t of M but it is not 
a subset. This implies that \S\ > X > a. A contradiction. 
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The main lemma we need is the following. 

Lemma 9. \A a n M^\ < a + for each £ < n and each a ^ M^. 

Proof: Suppose not. First consider the case that £ is a successor. Then there 
is an i < c/(A) such that \A a n M|| > er + . Therefore there is an S E [A a n M^[" 
such that S G M| +1 C M 5 . But then {a : S C A a } E M% but it is not a subset. 
Therefore it is infinitec contradicting (*). In the case that £ is a limit consider two 
subcases: If c/(£) = er ++ , then there is a successor 77 < £ such that l^flM,,! > <r + . 
If c/(£) 7^ then there is a successor 77 < £ such that |A Q n M r) | > rr ++ . Rea- 

soning as above we get a contradiction to (*) in both cases. □ 

Now, to complete the proof of the theorem, using the Lemma and our inductive 
assumption fix A' a E [A a ]- a for each £ E K and a E Mf+i \ such that 

(d) {A a \A' a : a E M^+i \ Mj} is point-finite, and 

(e) 4„nl5C4 

The proof that {A a \ A' a : a E n} is point-finite is now straightforward: Fix any 
x G U A. If a; g" (J^ then consider 7 = {a : x G ^4 Q }. If I is infinite, fix a finite 
J C 7 such that | flaej^ct — 17 ■ Then there is a £ such that J C Mj. But then 
5 = HaGJ ^« e an( i ^ — since |S| < cr contradicting x E S\ M{. 

If £ is such that x G M^+i \ then by our construction {a : x G A Q } C 
must be finite as above. □ 

A slightly more general version of Theorem with a slightly weaker conclusion 
also follows from GCH alone: 

Theorem 6. Assume GCH, let <t,t be regular infinite cardinals. Suppose that 
A = (A a ) a<K is a sequence of (not necessarily distinct) sets such that 
(* ) For every I G [n] T there is J E [I] <T such that \ C\ aeJ A a \ < a. 

Then there exist (A' a ) a<K such that \A' a \ < a + for each a < k and the sequence 
(A a \ A' a ) a<K is point-< r+. 

Proof: We modify the proof of Theorem |[ First note that we may assume that 
<t + ,t < k and that k is the successor of a limit cardinal A of cofinality < a. Fix 
satisfying (a), (b) and (c) of the previous proof. In addition, assume 

(f) [M^ T C M| +1 , for each successor £ < k and each i < c/(A). 

Define A' a as before also satisfying (A a \ A' a : a G M^+i \ M5) is point-< t + . To 
see that the whole sequence (A a \ A' a ) a<K is point-< r+, fix a G \J a<K A a and fix 
£ maximal so that a ^ (where M K = Ujg K -^{)- It suffices to prove 

Lemma 10. I — {a G : a G A a } has cardinality < t + . 

Proof: Suppose not. 

Case 1: c/(A) 7^ r. Then there are a successor rj < £ and an i < c/(A) such 
that I J n M*| > r. Fix J G [I n Af*] <T such that | f] aeJ A a \ < a. By (f), J E M v . 
Therefore C\ aeJ A a G AI V . Therefore C\ aeJ A a G M v since it is of size < a. This 
contradicts a g" Mj. 
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Case 2: c/(A) = r. In the case that c/(£) 7^ r + we can find a successor 77 < £ 
such that |I (~1 > r + . This gives a contradiction as in Case 1. Otherwise as- 
sume that c/(£) = t + . First fix a successor 77 such that \I Pi M v \ > r. Then fix 
J e [In M V ] <T such that \ f) a ejAa\ < cr. Now find z < c/(A) = r such that 
J C Ml. So J G M,, giving a contradiction as before. □□ 

Taking a — Ko in Theorem ^| gives the following. 

Corollary 9. Assume A w = A for each cardinal A of uncountable cofinality. Sup- 
pose that (A a ) a<K is a sequence of sets such that \A a PI Ap\ < Ko for each pair of 
distinct a, (3 £ k. TVien i/iere are A' Q G [A Q ]- Nl for a < n such that the sequence 
(A a \ A' a ) a<K is point-finite. 

Finally, we remark that Theorem || cannot be improved by demanding that the 
sets A' a be of cardinality < a. Indeed, if a is regular, then let {A a : a < o~ + } be 
a family of subsets of a such that \A a n Ap\ < a while \A a \ = a for each a < a + . 
No such family can be point-< o~ + . So no point-< a + family can be obtained by 
deleting sets of size less than a from each A a . 

4. Topological Applications 

In this section, we present some topological applications of the results just 
proved. We are particularly interested in the question, raised in of whether 
a first countable space with a weakly uniform base must have a point-countable 
base. 

Definition 3. If n S u> and B is a base for a topological space X, then we say 
B is an n-weakly uniform base for X provided that if A C X with \A\ = n, then 
{B G B : AC B} is finite. We say a base B for X is a < uj-weakly uniform base 
provided that if A <Z X with |A| > Ho, then there is a finite subset F C A with 
{_B G B : F CB} finite. 

The notion of weakly uniform base, introduced in is just what we have called 
2-weakly uniform base. We shall see later in this section that the properties defined 
above are all distinct. To avoid trivialities we will be interested only in the case 
n > 2. Clearly, for n < m, n-weakly uniform base implies m- weakly uniform base 
which implies < w-weakly uniform base. 

It was shown in [Q that if AT is a space with a 2-weakly uniform base B and 
ieXis in the closure of a countable subset of X \ {x}, then B is point-countable 
at x. In particular, if X is a first countable space with a weakly uniform base B, 
then B is point-countable at all nonisolated points of X. Using that result, it was 
shown in Q that a first countable space in which the boundary of the set of isolated 
points is separable has a point-countable base. 

In it is shown that a first countable space with a weakly uniform base and 
no more than isolated points has a point-countable base. In 0] this is improved 
(consistently) to the result that assuming CH, every first countable space with a 
weakly uniform base and no more than isolated points has a point-countable 
base. 

An example is constructed in 0, assuming MA and H2 < 2 N °, of a normal Moore 
space with a weakly uniform base which has no point-countable base. Such a space 
also could not be metalindelof. 
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Our next result establishes the independence of the existence of first countable 
spaces with weakly uniform bases but without point-countable bases, and it removes 
the cardinality restriction on the set of isolated points. 

Theorem 7. Assume CECA. If X is a T\-space in which each non-isolated point 
is a cluster point of a countable set and X has a < uj -weakly uniform base, then X 
has a point- countable base. 

Proof: Suppose B is a < w-weakly uniform base for X. Suppose x is a non-isolated 
point of X. We will show that B is point-countable at x. Choose a countable set 
C C X \ {x} with x £ C. For each B £ B with x E B, the set C n B is infinite, and 
hence there exists F B £ [C n B] <n ° such that {A £ B : F B C A} is finite. Since 
[C] <N ° is countable and for each F £ [C] <N ° there are only finitely many B £ B 
with Fb = F, we conclude that {B £ B : x E B} is countable. 

Let (x a : a < k) list the isolated points of X, and let A a = {B E B : x a E B}. 
Notice that since B is a < w-weakly uniform base, we have that if 7 is an infinite 
subset of k, then there exists a finite J C 7 such that |{7? £ 73 : {x a : a £ 7} C 
£?}| < H , i.e. IfLej^al < ^0- By Corollary |, for each a there is A x a E 
such that (A a \ A\ : a < k) is point-finite, i.e. for each B E B we have 75 € v4 a \A\ 
for only finitely many a's. Hence for each B E B, there is a finite set 1(B) of isolated 
points such that for every a < n, {B £ B : x a E B \ 7(7?)} C A x a , and < K . 
Hence 73 = {B \ 1(B) : B £ $} is a point-countable open family of subsets of X 
which forms a base at every non-isolated point of X. Thus B* = BiLi{{x a } : a < k} 
is a point-countable base for X. □ 

Corollary 10. It is consistent with ZFC that every first countable T\-space with 
a weakly uniform base has a point- countable base. 

Combining that corollary with the example of || completes the independence 
result. 

Assuming only X u = A for each cardinal A of uncountable cofinality, we can 
obtain a weaker version of Theorem [?]. The proof is identical, using Corollary ^| in 
place of Corollary [j| 

Theorem 8. Assume A" = A for each cardinal A of uncountable cofinality. If X 
is a Ti-space in which each non-isolated point is a cluster point of a countable set 
and X has a < uo-weakly uniform base, then X has a point-< N2 base. 

Corollary 11. Assume X w — X for each cardinal X of uncountable cofinality. Every 
first countable T\-space with a weakly uniform base has a point-< H2 base. 

Definition 4. If n £ uj, then we say that a topological space X is n-metacompact 
provided that for every open cover U of X there is an open refinement V -< U 
such that if A C X with \A\ = n, then {V E V : A C V} is finite. We say X 
is < w-metacompact provided that for every open cover U of X there is an open 
refinement V <U such that if A C X with \A\ > Ko, then there is a finite subset 
F C A with {V E V : F C V} finite. 

It is clear that 1-metacompact is just metacompact and that for n < m, n- 
metacompact implies to- metacompact which implies < w-metacompact. We will 
call a refinement V as in the definition above an n-weakly uniform refinement, or 
< uj-weakly uniform refinement respectively. 
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Theorem 9. Assume CECA. If X is a < lu- metacompact T\-space, then X is 
metalindelof. 

Proof: Suppose X is < cj-metacompact and U is an open cover of X. Let V be an 
open, < w-weakly uniform refinement of IA. List the points of X as (x a : a < k) . 
For each a < n, let A a = {V G V :x a e V}. By Corollary ||, for each a < n there 
is A\ G such that (A a \ A\ : a G k) is point-finite on the set V. For each 

V G V, we let I(V) = {x a eV :V £ A a \Al}. Note that \I(V)\ < H . Further, for 
each a < n, {V e V : x a G V r \/(V r )} C A^ and < K . For each a < k, choose 
V a G V such that x a G V a . For V G V, let V* = (F\/(F))U{a: Q G /(F) : V = V a }. 
Note that V* CV and F\ V* is finite. Let V* = {V* : V G V}. Then V* is an open 
refinement of U and if x a G V* , then V G U {V a }. Thus V* is point-countable. 

Corollary 12. /< is consistent with ZFC that every T\-space with a weakly uniform 
base is metalindelof. 

Again, combining this corollary with the example in Q completes the indepen- 
dence result. 

Example 1. For each natural number n > 1, there is a Moore space X n of scattered 
height 2 which has an (n+l)-weakly uniform base, but X n does not have an n-weakly 
uniform base. 

Proof: Let L be a subset of R x {0} with \L\ = Hi, and let D — {p n : n G oj} 
be a countable subset of R x (0, oo) which is dense in the Euclidean topology. It 
is shown in j|] that there is a collection H of countably infinite subsets of L and a 
partition {TL n : n G lu} of Ti. such that 

(1) if H l , H 2 G U and R x j= H 2 , then \H 1 n H 2 \ < K , and 

(2) if Y C L and \Y\ = Hi, then for each n G u>, there exists H G Ti n such that 

\YnH\ = x . 

For each n G to, let lf n = {(p n ,if) : H G H„} and let K = \J neu K n . Let 
X = LU K. For each n G u> and each x G L, let B n {x) = {{pi, H) : (p i: H) G Ki, 
x £ H, and p, is an element of the Euclidean open ball in R x (0, oo) of radius 2~™ 
which is tangent to the axis R x {0} at the point x}. If x G L and n G w, then 
we define G n {x) — {x} U B n (x) and let {G n (a;) : n G w} be a neighborhood base 
at x. If y G if, then {y} is open. It is shown in Q that with this topology X is 
a Moore space with a weakly uniform base, and if hi is any open cover of X which 
refines the open cover {Go(x) : x G L} U {{y} : y G X}, then there exists y E K 
such that {£/ eW : y G £/} is infinite. 

Suppose k is a natural number and k > 1. We shall use the space X to construct 
a Moore space JT^ of scattered height 2 with a (k + l)-weakly uniform base but no 
A:- weakly uniform base. Let Xk = L U (K x fc). Points of K x fc will be isolated. If 
ieL and n G w, let G*(a;) = {x} U (S n (x) x k). Notice that (G^(x) : n G lo) is a 
decreasing sequence, and thus this is a valid assignment of neighborhoods. Letting 
Q n = {G^(x) : x G L} U {{y} : y G K x fc}, we see that (Q n : n G u) is a 
development for X^, and since each G„(a;) is clopen, Xk is a O-dimensional space 
of scattered height 2. 

We now show that B = \J neuJ Gn is a (fc + l)-weakly uniform base for Xk- 
Suppose A C X k with \A\ = k + 1. If |A n L| > 2, then \{B G B : A C S}| = 0. 
If 1/10/1 = 1. Then let {i} = An L. Choose n G to such that G*(o:) nA = {x}. 
Then |{B G 6 : ^4CS}|<n, since for each m G w there is only one element of Q m 
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which contains x. Finally, if \A D L\ = 0, then let A = {(yi, n{), . . . , (j/fe+i, n^+i)} 
where y, G K and n, G k for 1 < i < k + 1. Choose i, j < k + 1 such that 
rii = Then {5 G B : A C 5} C {B G B : {(j/,, n*), (y 3 , n } )} C S}. 

Now for B = (x) , we have that , n-j) G (x) implies yi G G n (x) . So 
{B G B : {(yi,7ii), (%,%•)} C B}| = |{G„(.t) : {y 4 ,y,} C G n (x)}| < N Q , since 
{G ra (a;) : n G li, x G £} is shown in [Q] to be a weakly uniform collection. 

We now show that has no fc-weakly uniform base. Suppose V is any open 
cover of Xk which refines Q\. For each x G L, choose V x G V and n(x) G w with 
G^ (x) (x) C V x . Now in the space X, U = {G n{x) {x) : x G L} U {{y} : y G if} 
refines {G%(x) : x G L} U {{y} : y G if}. Hence there is a point y G if so 
that {{/ G W : y G ?7} is infinite, and so {i £ I : 5 6 G n ( a .\(a;)} is infinite. 
Let 4 = {y} x fc. Then \A\ = k and for each i G fc, (y, i) G G^^^x) C 14. So 
{i£i : A C 14} is infinite, and thus V is not a fc-weakly uniform base for Xk- □ 

Example 2. There is a space Y which has < u-weakly uniform base, but does not 
have n-weakly uniform base for any new. 

Proof: For each natural number n > 1, let X n be as constructed in Example 
Let Y be the disjoint union of the spaces X n . The natural base is easily seen to be 
< w-weakly uniform since if A C Y and \A\ = No, then either A C X„ for some n 
in which case any subset of A of size n + 1 would be contained in only finitely many 
elements of the base, or A contains two points from distinct X n 's in which case no 
element of the base contains that two-point subset. To see that Y cannot have an 
n-weakly uniform base, it is enough to observe that X n is an open subspace of Y, □ 

Thus we have shown that these properties are all distinct. We leave the reader 
with one question regarding covering properties. 

Question 1. Is it true or consistent that every space with a weakly uniform base 
must be submetacompact? 
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